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Abstract. One can de�ne in a natural way irregular 1-sets on the graphs of
several fractal functions, like Takagi's function, Weierstrass�Cellerier type func-
tions and the typical continuous function. These irregular 1-sets can be useful
during the investigation of level-sets and occupation measures of these functions.
For example, we see that for Takagi's function and for certain Weierstrass�Cellerier
functions the occupation measure is singular with respect to the Lebesgue measure
and for almost every level the level set is �nite.

1. Introduction

We denote byH1 the one-dimensional Hausdor� measure. AnH1-measur-
able set S ⊂ R2 is called irregular (or purely unrecti�able) 1-set if 0 < H1(S)
< ∞ and S intersects every continuously di�erentiable curve in a set of H1-
measure zero (here, equivalently, instead of continuously di�erentiable curves
one could also use recti�able curves as well). Besicovitch's theorem on the
projection of irregular 1-sets states that the projection of an irregular 1-set
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S in almost all directions is of zero Lebesgue measure, see [1], or Theorem
6.13 in [10] (in this paper we will mainly use notation and terminology from
K. Falconer's book [10]). A set is regular if it can be covered by countably
many recti�able curves (or equivalently, by countably many continuously dif-
ferentiable curves) and an H1-null set. The projection theorem for regular
1-sets (see Theorem 6.10 in [10]) states that if S is a regular 1-set then the
projection of S is of positive Lebesgue measure in all but at most one ex-
ceptional direction. This implies that if the projection of a 1-set is of zero
Lebesgue measure in at least two directions then it is an irregular 1-set.

Clearly, the graph of a continuous function de�ned on a non-degenerate
subinterval of R cannot be an irregular 1-set since there can be at most one
direction in which its projection does not contain an interval. However, as
we can see in this paper, quite often one can �nd on the graph of some con-
tinuous functions some irregular 1-subsets and these sets can provide useful
information if we are interested in the level sets, or occupation measures of
these functions.

The graphs of the fractal functions considered in this paper are not of
�nite H1-measure and hence they are not 1-sets. In the beautiful theory of 1-
sets (see for example [10]) an arbitrary 1-set S ⊂ R2 can be decomposed into
two (possibly empty) parts, Sreg and Sirr such that Sirr is irregular and Sreg

is regular. In this paper we will see a naturally arising similar decomposition
for Takagi's function and for some Weierstrass�Cellerier type functions.

The starting point of this paper was the following problem:
Suppose that f(x) =

∑∞
n=0 2−n‖2nx‖, where ‖x‖ is the distance of x from

the closest integer (that is, f is Takagi's function). What can we say for
Lebesgue almost every y ∈ f(R) about the cardinality of the level set

Ly =
{

x ∈ [0, 1] : f(x) = y
}

?

The surprizing answer is that it is �nite. This problem was proposed
by the author for the Miklós Schweitzer Mathematical Competition of the
János Bolyai Mathematical Society in 2006. During the competition three
solutions arrived. Only one competitor � the winner of the competition �
gave the correct answer, one student claimed that the level sets are almost
everywhere countably in�nite, another claimed that they are uncountably
in�nite.

In the sequel we will denote by T the restriction of Takagi's function
onto the [0, 1] interval. In a rather natural way in Section 3 we will de�ne an
irregular 1-set Sirr on the graph of Takagi's function. Its complement with
respect to the graph of the function is a set Sreg which can be covered by
countably many graphs of monotone functions. In Theorem 9 we verify that
the projection of Sirr onto the y-axis is of Lebesgue measure zero, while its
projection onto the x-axis is of full measure. The set Sreg is �responsible� for
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the �nite level sets. This result leads naturally to the study of the occupation
measure

µ(A) = λ
{

x ∈ [0, 1] : T (x) ∈ A
}

= λ
(T −1(A)

)
= λ

(
f−1(A) ∩ [0, 1]

)
,

where λ is the one-dimensional Lebesgue measure. From the projection prop-
erties of the irregular 1-set Sirr it follows that µ is singular with respect to
the Lebesgue measure.

Occupation measures were studied extensively in probability theory, espe-
cially related to stochastic processes. With probability one for the Brownian
motion W , the occupation measure µ(A)def=λ

(
W−1(A)

)
is absolutely contin-

uous with respect to the Lebesgue measure, it satis�es the local time (LT)
condition.

D. Geman and J. Horowitz in their excellent survey paper [12] wrote the
following: �. . . results can be successfully applied to random functions and
�elds, it is di�cult to apply them to particular nonrandom functions. For
example an interesting open problem is to determine which functions repre-
sentable as Fourier series (for instance) are (LT). . . �

Viewed from this angle it may be interesting to know that the occupation
measures of Takagi's function and other continuous functions are singular.

J. Bertoin in [2] and [3] studied occupation measures and Hausdor� di-
mensions of level sets of some self a�ne functions. It turned out that, de-
pending on certain parameter values, these functions are either (LT) or have
singular occupation measure.

In [7] and [9] we studied micro tangent properties of continuous functions.
Recall that Baire's category theorem holds in C[0,1] with the supremum norm
and a property is typical, or generic if the set of functions not having this
property is of �rst category. Results of [7] imply that for the typical contin-
uous function f the set of universal micro tangent points UMT(f) de�nes
naturally an irregular 1-set on the graph of f . The set UMT(f) projects
to a set of λ-measure zero in any direction di�erent from the y-axis and the
occupation measure of the typical continuous function is singular.

The level structure of the typical continuous function was characterized
by Bruckner and Garg see Ch. 13 of [5], or [6]:

For the typical f ∈ C[0, 1]
i) there are two levels (corresponding to the maximum and minimum of

the function) where Ly consists of one element,
iia) for all other y's in the range of f , Ly contains a non-empty nowhere

dense perfect set and
iib) out of these y's there are countably many levels, corresponding to local

extrema where the level set contains an additional isolated point.
Hence for all but two y's in the range of the typical f ∈ C[0, 1], the level

set Ly is uncountable.
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The UMT(f) set of a continuous function is quite stable. In Theorem 10
we show that if h ∈ C[0,1] is almost everywhere di�erentiable then for almost
every x ∈ [0, 1] from

(
x; f(x)

) ∈ UMT(f) it follows that
(
x; f(x) + h(x)

)
∈ UMT(f + h). This implies that for the typical continuous function f the
occupation measure of f + h is also singular. In �12, pp. 18�19 of [12] it is
proved that if f is (LT) and its occupation density is su�ciently nice then
f + h is also (LT) for any almost everywhere di�erentiable h, so absolute
continuity can also be stable for occupation measures.

In Section 5 of this paper we consider a class of �perturbed� Weierstrass�
Cellerier-type functions. Suppose that FW consists of those twice contin-
uously di�erentiable functions f−1 on [0, 1] for which for any trigonometric
polynomial P the function f−1 +P is piecewise strictly monotone or constant.
For example the set of functions which are analytic on an open set G ⊃ [0, 1]
is a subset of FW . Suppose that f−1(x) belongs to FW . For x ∈ [0, 1] put

(1) f(x) = f−1(x) +
∞∑

n=0

2−n sin(2π2nx).

If f−1 equals identically zero then we obtain the Weierstrass type Cellerier
nowhere di�erentiable function, de�ned by the Fourier series

(2) W(x) def= f(x) =
∞∑

n=0

2−n sin(2π2nx).

For any f de�ned in (1) we can again de�ne an irregular 1-set Sirr on
the graph of f . The projection of this set onto the x-axis is again a set
of full measure. By the Besicovitch projection theorem in almost every di-
rection Sirr projects into a set of Lebesgue measure zero. This implies that
W(x, c) def= W(x) + cx has purely singular occupation measure for almost ev-
ery c. In Section 5.1 we will see that for these c the level sets Ly of W(x, c)
are �nite for almost every y.

Similarly to the Takagi function from Theorem 13, it follows that Sreg

= graph
(W(x, c)

) \ Sirr can again be covered by countably many strictly
monotone functions and an H1-zero set.

There are many results where it can be proven that a certain property
holds for almost every parameter value, but it is much more di�cult to see
that a certain parameter value satis�es this property. To see that W(x, 0)
= W(x) has singular occupation measure, that is c = 0 is not an exceptional
value will be the subject of the forthcoming paper [8].
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2. Notation and preliminary results

Points in R2 will be denoted by (x; y) while the open interval with end-
points x and y will be denoted by (x, y). Given A ⊂ R2, by |A|, int (A), and
cl (A) we mean its diameter, interior, and closure, respectively. The open ball
of radius r centered at (x; y) is denoted by B

(
(x; y), r

)
, while the closed ball

is denoted by B
(
(x; y), r

)
. The closed cube of side length 2δ > 0 centered

at (x; y) will be denoted by Q
(
(x; y), δ

)
, that is, Q

(
(x; y), δ

)
=

{
(x′; y′) :

|x′ − x| 5 δ and |y′ − y| 5 δ
}
. Let Q2 be the closed cube of side length 2,

centered at (0; 0), that is, Q
(
(0; 0), 1

)
. The projections of the coordinate

plane onto the x, or y axis are denoted by πx, or πy, respectively. The one-
dimensional Hausdor� measure in R2 will be denoted by H1, the Lebesgue
measure on R will be denoted by λ. The graph of a function f : [a, b] → R,
that is the set {(

x; f(x)
)

: x ∈ [a, b]} is denoted by graph (f).
It is not di�cult to see that Vitali's covering theorem is also valid for

coverings by closed squares, that is, the following variant of Theorem 2.8 of
[13] holds.

Theorem 1. Let µ be a Radon measure on R2, A ⊂ R2 and Q a family
of closed squares such that each point of A is the centre of arbitrarily small
squares of Q, that is,

inf {r : Q
(
(x; y), r

) ∈ Q} = 0 for (x; y) ∈ A.

Then there are disjoint squares Qi ∈ Q such that

µ

(
A \

⋃

i

Qi

)
= 0.

The next de�nitions and theorems are from [7].
By C[−1, 1]0 we mean the set of those functions g in C[−1, 1] for which

g(0) = 0.
Definition 2. The micro tangent set system of f ∈ C[0, 1] at the point

x0 ∈ (0, 1) will be denoted by fMT(x0) and it is de�ned as follows. For δn > 0
we put

(3) F (f, x0, δn) =
1
δn

(
(graph (f) ∩Q(

(
x0; f(x0)

)
, δn))−

(
x0; f(x0)

))
,

that is, F (f, x0, δn) is the 1/δn-times enlarged part of graph (f) belonging to
Q(

(
x0; f(x0)

)
, δn) translated into Q2. The set F is a micro tangent set of

f at x0, that is, F ∈ fMT(x0) if there exists δn ↘ 0 such that F (f, x0, δn)
converges to F in the Hausdor� metric.
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Definition 3. We say that x0 is a universal MT-point for f if graph (g)
∩Q2 ∈ fMT(x0) for every g ∈ C[−1, 1]0. The collection of those points(
x0; f(x0)

)
for which x0 is a universal MT-point of f will be denoted by

UMT(f).
The next theorem is Theorem 5 from [7].
Theorem 4. There is a dense Gδ set, G of C[0, 1] such that

λ(πx

(
UMT(f)

)
) = 1

for all f ∈ G. Furthermore, UMT(f) is a dense Gδ subset in the relative
topology of graph (f). Hence, for the typical continuous function in C[0, 1]
almost every x ∈ [0, 1] is a universal MT-point and a typical point on the
graph of f is in UMT(f).

Definition 5. For a �xed g ∈ C[−1, 1]0 we denote by GLMTg(f) the set
of those

(
x0; f(x0)

)
for which graph (g) ∩Q2 belongs to fMT(x0).

Next we state Lemma 6 and Theorem 7 from [7].
Lemma 6. Assume that g0 denotes the identically zero function on [−1,1].

We have λ(πy

(
GLMTg0(f)

)
) = 0 for any f ∈ C[0, 1].

Since UMT(f) ⊂ GLMTg0(f) we also have:
Theorem 7. For any f ∈ C[0, 1], λ(πy

(
UMT(f)

)
) = 0. Hence any

preimage of almost every y in the range of any (and especially the typical)
continuous function is not a UMT-point.

3. Takagi's function

For x ∈ [0, 1] we put

T (x) def=
∞∑

n=0

2−n‖2nx‖, and TN (x) def=
N∑

n=0

2−n‖2nx‖,

where ‖x‖ is the distance of x from the closest integer.
Recall the following part of Theorem 10 of [7]:
Theorem 8. Takagi's function, T (x) is �micro self-similar� in the sense

that graph (T ) ∈ TMT(x0) for almost every x0 ∈ [0, 1].
Our new result about Takagi's function is the following:
Theorem 9. The occupation measure of Takagi's function is singular and

for almost every y the level set Ly of the Takagi function is �nite.
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The graph {(
x;T (x)

)
: x ∈ [0,1]} of Takagi's function can be decomposed

into two sets Sirr and Sreg. The set Sirr is an irregular 1-set with λ
(
πx(Sirr)

)

= 1, λ
(
πy(Sirr)

)
= 0 and the set Sreg can be covered by the graphs of countably

many monotone increasing functions.
Proof. Since TN is piecewise linear its derivative exists at all but �nitely

many points. If T ′N (x) exists then it equals zero if and only if up to the
(N + 1)'st digit the number of 0's equals the number of 1's in the dyadic
expansion of x.

It is well-known that for almost every x ∈ [0, 1] this happens for in�nitely
many N 's. The T ′N 's correspond to a symmetric random walk model, where
an n'th digit 0 means a unit step in the negative and an n'th digit 1 means a
unit step in the positive direction. This random walk is persistent by Pólya's
theorem (p. 118 of [4]), that is, the particle doing the random walk returns
with probability one in�nitely often to the origin.

Denote by X1 the set of those x ∈ [0, 1] for which T ′N (x) exists for all
N and T ′N (x) = 0 for in�nitely many N . For x ∈ X1 there exists an in�nite
sequence N(x,1) < · · · < N(x,κ) < · · · such that T ′N(x,κ)(x) = 0 for all κ ∈ N,
but if N 6= N(x, κ) for all κ then T ′N (x) 6= 0.

If T ′N0
(x0) does not exist then x0 = k0

2N0+1 with a suitable nonnegative
integer k0. For x0 = k0

2N0+1 we also have

(4) TN0(x0) = TN (x0) for N = N0 and hence TN0(x0) = T (x0).

Suppose x0 ∈ X1. For any κ = 1, 2, . . . there exists k0(x0, κ) ∈ Z such
that

(5) x0 ∈ I(x0, κ) def=
(

k0(x0, κ)
2N(x0,κ)+1

,
k0(x0, κ) + 1
2N(x0,κ)+1

)
.

Since T ′N(x0,κ)(x0) = 0 we have T ′N(x0,κ)(x) = 0 for all x ∈ I(x0, κ). We also
have 




TN ′

(
k0(x0, κ)
2N(x0,κ)+1

)
= T

(
k0(x0, κ)
2N(x0,κ)+1

)
,

TN ′

(
k0(x0, κ) + 1
2N(x0,κ)+1

)
= T

(
k0(x0, κ) + 1
2N(x0,κ)+1

)(6)

for all N ′ = N(x0, κ). We have a rescaling property of TN , namely for N >
N(x0, κ) and x1 ∈ I(x0, κ) we have

TN (x1) = TN(x0,κ)(x0)(7)

+ 2−N(x0,κ)−1TN−N(x0,κ)−1

(
2N(x0,κ)+1

(
x1 − k(x0, κ)

2N(x0,κ)+1

))
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and by letting N →∞, see Fig. 1,

(8) T (x1) = TN(x0,κ)(x0) + 2−N(x0,κ)−1T
(

2N(x0,κ)+1

(
x1 − k(x0, κ)

2N(x0,κ)+1

))
.

Given an interval I = (a, b) set σI(x) = x−a
b−a , that is, σI maps (a, b) lin-

early onto (0, 1).
Observe that by (7) if x1 ∈ I(x0, κ) ∩X1 then

I(x1, κ + 1) = σ−1
I(x0,κ)(I

(
σI(x0,κ)(x1), 1

)
).

Next we use that T and its partial sums are symmetric about the line x = 1
2 .

If x1 ∈ I(x0, 1) then TN(x0,1)(x1) = TN(x0,1)(1− x1), N(1− x0, 1) = N(x0, 1),
I(1− x0, 1) = 1− I(x0, 1).

We set I(x0, 1) =
{

I(x0, 1), I(1− x0, 1)
}

and call this the set of associ-
ated intervals at the �rst level.

Suppose that I(x0, κ) consists of disjoint 2κ many intervals, each of the
same length and one of them is I(x0, κ). Furthermore,

(9)
{
if x1 ∈ ∪I(x0, κ) ∩X1 then N(x1, κ) = N(x0, κ),

TN(x0,κ)(x1) = TN(x0,κ)(x0) and T ′N(x0,κ)(x1) = 0.

The system of intervals I(x0, κ + 1) will contain I(x0, κ + 1) and for all
J ∈ I(x0, κ) we consider

σ−1
J (I

(
σI(x0,κ)(x0), 1

)
) = σ−1

J (σI(x0,κ)

(
I(x0, κ + 1)

)
)

and

σ−1
J (I

(
1− σI(x0,κ)(x0), 1

)
) = σ−1

J (1− σI(x0,κ)

(
I(x0, κ + 1)

)
).

This way we produce two disjoint subintervals of equal length in each J ∈
I(x0, κ) and these intervals will be the two intervals of I(x0, κ + 1) in J .

{If x1 ∈ ∪I(x0, κ + 1) ∩X1 then N(x1, κ + 1) = N(x0, κ + 1),

TN(x0,κ+1)(x1) = TN(x0,κ+1)(x0) and T ′N(x0,κ+1)(x1) = 0.
(10)

We de�ne

J(x0, κ) = [TN(x0,κ)(x0), TN(x0,κ)(x0) + λ
(
I(x0, κ)

)
].
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Fig. 1: R(x0, 1) on the graph of T

Set
R(x0, κ) def= cl

(
I(x0, κ)

) × J(x0, κ)

(see Fig. 1). By elementary calculations for any x0 ∈ X1 we have

(11) R(x0, 1) ⊂ [0, 1]× [0, 1].

Using mathematical induction and rescaling properties (7), (8) and property
(11) we also have

(12) R(x0, 1) ⊃ . . . ⊃ R(x0, κ) ⊃ R(x0, κ + 1) ⊃ . . . .

Set

Sirr =
∞⋂

κ=1

⋃

x0∈X1

R(x0, κ).

Since λ
(
J(x0, κ)

) → 0 as κ →∞, Sirr is a subset of the graph of T .
By the rescaling property (8) we also have

{(
x; T (x)

)
: x ∈ I(x0, κ)} ⊂ R(x0, κ).

Using (9) we can also see that for any x1 ∈ ∪I(x0, κ) ∩X1 we have J(x1, κ)
= J(x0, κ). Hence

λ
(T (X1)

)
5 λ

(
πy(Sirr)

)
(13)

5 λ
( ∪x1∈X1 J(x1, κ)

)
5 2−κλ

( ∪x1∈X1 I(x1, κ)
)

5 2−κ.
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Since this holds for all κ we have

(14) λ
(T (X1)

)
= λ

(
πy(Sirr)

)
= 0.

Since µ
(
R \ T (X1)

)
= λ

(
[0, 1] \X1

)
= 0 from (14) it follows that the occu-

pation measure of Takagi's function is singular.
Next we verify that Sirr is an irregular 1-set. Suppose that γ is the graph

of a continuously di�erentiable curve. By (14) the projection of γ ∩ Sirr onto
the y-axis is of zero Lebesgue measure. If we had λ

(
πx(γ ∩ Sirr)

)
> 0 then

one could �nd an x1 which is a Lebesgue density point of πx(γ ∩ Sirr) and by
Theorem 8, graph (T ) ∈ TMT(x1) as well. This would imply that one could
�nd a small interval I such that x1 ∈ I,

λ
(
πx(γ ∩ Sirr) ∩ I

)

λ(I)
> 0.999

and on πx(γ ∩ Sirr) ∩ I the function T stays simultaneously close to a line
segment and to a rescaled copy of its own graph. This is clearly impossible.

By (7), (11) and (12) we also have

(15)
⋃

x1∈X1

J(x1, κ) ⊃
⋃

x1∈X1

J(x1, κ
′) for all κ′ > κ.

Suppose

(16) y0 6∈
∞⋂

κ=1

⋃

x1∈X1

J(x1, κ) = πy(Sirr).

By (15) there exists κ(y0) such that for all κ = κ(y0) we have

(17) y0 6∈
⋃

x1∈X1

J(x1, κ).

Set
gκ(x0)

def= TN(x0,κ)(x0) for x0 ∈ X1.

The functions g1 and g2 are pictured on Fig. 2. For x ∈ [0, 1] \ ∪x0I(x0, κ) we
set gκ(x) = T (x).

By (6) for x1 ∈ I(x0, κ) ∩X1 we have

(18) gκ(x0) = gκ(x1) = TN(x0,κ)

(
k0(x0, κ)
2N(x0,κ)+1

)
= T

(
k0(x0, κ)
2N(x0,κ)+1

)
.
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Fig. 2: g1 and g2

For any x ∈ I(x0, κ) set gκ(x) = gκ(x0). By (18) the function gκ is constant
on I(x0, κ). If x ∈ I(x0, κ) and N(x0, κ) 5 N set gκ,N (x) = gκ(x). If there
is no x0 with N(x0, κ) 5 N such that x ∈ I(x0, κ) then set gκ,N (x) = TN (x).
By using (4) observe that gκ,N (x) is continuous. It is also clear that

∣∣gκ,N (x)− gκ(x)
∣∣ 5

∞∑

n=N+1

2−n.

Therefore gκ,N converges monotone increasingly and uniformly to gκ. More-
over, g1,0(x) = T0(x) is monotone increasing on [0, 1/2] and decreasing on
[1/2, 1]. This implies that if x0 ∈ [0, 1/2] ∩X1 and N < N(x0, 1) then T ′N (x)
> 0 while if x0 ∈ [1/2,1]∩X1 and N < N(x0,1) then T ′N (x) < 0. Since TN (x)
is piecewise monotone and piecewise di�erentiable we obtain that g1,N is
monotone increasing on [0, 1/2] and monotone decreasing on [1/2, 1]. Since
g1,N → g1 this limit function is also monotone increasing on [0, 1/2] and de-
creasing on [1/2, 1], see Fig. 2. The set g1(X1) is countable and if y0 6∈ g1(X1)
then g−1

1

({y0}
)

has at most two elements, one in [0, 1/2] and another in
[1/2, 1]. For x ∈ [0, 1] \ ∪x0I(x0, 1) we have g1(x) = T (x).

Suppose κ = 2. By (13) we have λ
( ∪x0 J(x0, κ− 1)

)
5 2−κ+1. Using the

Borel�Cantelli lemma we obtain that almost every y belongs to only �nitely
many of the di�erent intervals J(x0, κ− 1) (if J(x0, κ− 1) = J(x′0, κ− 1) then
these intervals count as one).

By using the similarity property (7) one can see by induction that in
general gκ(X1) is countable and if y belongs to only �nitely many di�erent
J(x0, κ− 1) then g−1

κ

({y}) has �nitely many elements.
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By (16) and (17) if κ = κ(y0) then g−1
κ

({y0}
)

= g−1
κ(y0)

({y0}
)
. Hence,

T −1
({y0}

)
= g−1

κ(y0)

({y0}
)

is �nite. This implies the statement about the
level sets.

The set
Sreg

def= {(
x; T (x)

)
: x ∈ [0, 1] \ πx(Sirr)}

is covered by the graphs of the functions gκ. Therefore Sreg can be covered
by the graphs of countably many monotone functions. ¤

4. Typical continuous functions

Theorem 10. Suppose f ∈ C[0, 1] and h ∈ C[0, 1] is di�erentiable at
x0 ∈ (0, 1). If

(
x0; f(x0)

) ∈ UMT (f) then
(
x0; f(x0) + h(x0)

) ∈ UMT(f + h).

Proof. Denote by C[−1, 1]0,0 the set of those g ∈ C[−1, 1]0 which have
no local extrema or interval of constancy on the boundary of Q2 and do not go
through any vertex of Q2. Clearly, we can approximate functions in C[−1, 1]0
by functions in C[−1, 1]0,0. Hence, it is su�cient to show that for any
g ∈ C[−1, 1]0,0 the set graph (g) ∩Q2 is a micro tangent set of f + h at x0.

For 1 = δ0 > 0 set gδ0(x) = δ0g( x
δ0 )− h′(x0)x when x ∈ [−δ0, δ0]. For

x ∈ [−1,−δ0) set gδ0(x) = δ0g(−1)− h′(x0)(−δ0) and for x ∈ (δ0, 1] set
gδ0(x) = δ0g(1)− h′(x0)δ0. Then gδ0 ∈ C[−1, 1]0. Choose 1 = δ0 > 0 such
that
(19)

∣∣gδ0(x)
∣∣ < 1 for x ∈ [−1, 1].

This implies that graph
(
gδ0

) ⊂ Q2.
Since

(
x0; f(x0)

) ∈ UMT(f) there exists δn ↘ 0 such that F (f, x0, δn)
converges to the graph of gδ0 in the Hausdor� metric, which by (19) also
means uniform convergence for the corresponding functions.

It is also clear that both F (h, x0, δn) and F (h, x0, δ0δn) converge to the
part of the line y = h′(x0)x which is in Q2. Then it is not di�cult to see (us-
ing g ∈ C[−1, 1]0,0) that F (f + h, x0, δ0δn) converges in the Hausdor� metric
to graph (g) ∩Q2. ¤

Theorem 11. If f ∈ C[0, 1] then

(20) H1
(
UMT(f)

)
5 2.
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Proof. Suppose that g0(x) = 0 for all x ∈ [−1, 1]. As in the proof of
Theorem 7 based on Lemma 6 (see [7]) we use again the fact that UMT(f)
⊂ GLMTg0(f). Therefore, graph (g0) = graph (g0) ∩Q2 ⊂ fMT(x1) for any(
x1; f(x1)

) ∈ UMT(f). By the de�nition of fMT(x1) there exists a sequence
δn,x1 ↘ 0 such that F (f, x1, δn,x1) converges to graph (g0) in the Hausdor�
metric. This means that we can choose cubes Qn,x1 of side length 2δn,x1 such
that the graph of f over

(
x1 − δn,x1 , x1 + δn,x1

)
, that is the set {(

x; f(x)
)

:
x ∈ (

x1 − δn,x1 , x1 + δn,x1

)} is covered by the interior of Qn,x1 . Therefore,
given ρ > 0 we can �nd a Vitali cover of UMT(f) with cubes of the form
Qn,x1 satisfying

(21)
∣∣Qn,x1

∣∣ = 2
√

2δn,x1 < 4δn,x1 and
∣∣Qn,x1

∣∣ < ρ.

By Theorem 1 we can select disjoint cubes Q(k) def= Qnk,x1,k
such that

H1
(
UMT(f) \ ∪kQ(k)

)
= 0.

Since the cubes Q(k) are disjoint and contain
(
x; f(x)

)
when x ∈ πx

(
Q(k)

)

the intervals πx

(
Q(k)

)
=

[
x1,k − δnk,x1,k

, x1,k + δnk,x1,k

]
are non-overlapping

and we have
∑

k 2δnk,x1,k
5 1. This implies by (21)

∑

k

∣∣Q(k)
∣∣ <

∑

k

4δnk,x1,k
5 2.

Since ρ > 0 is arbitrary we obtain (20). ¤
Remark 12. Taking a typical continuous function f(x) one can apply

Theorem 10 with hc(x) = cx where c ∈ R is an arbitrary constant. Since
UMT(f + hc) ⊂ GLMTg0(f + hc), by Lemma 6, λ(πy

(
UMT(f + hc)

)
) = 0

holds for any c ∈ R. By Theorem 10 this implies that the projection of
UMT(f) onto any line non-parallel with the x-axis is of λ measure zero. On
the other hand, by Theorem 4 its projection onto the x-axis is of λ-measure
one. Theorem 11 implies thatH1

(
UMT(f)

)
5 2 <∞ (in fact, one can verify

that H1
(
UMT(f)

)
= 1). Hence, UMT(f) for the typical continuous func-

tion is an irregular 1-set. By a result of R. D. Mauldin and S. C. Williams
[14] the graph of the typical continuous function is of Hausdor� dimension
one, but is not of σ-�nite-H1-measure. For the typical continuous function
f the set graph (f) \UMT(f) is �large�, unlike Sreg for the Takagi, or for
the Weierstrass function. Indeed, by (20), H1

(
UMT(f)

)
5 2 < ∞ and the

union of countably many recti�able curves is of σ-�nite H1-measure hence
graph (f) \UMT(f) cannot be covered by countably many recti�able curves
and by an H1-zero set for the typical continuous function f .
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5. Weierstrass�Cellerier type functions

In this section we work with functions f de�ned in (1). We also put

fN (x) = f−1(x) +
N∑

n=0

2−n sin(2π2nx).

If f−1(x) equals identically zero then, following the notation of (2), we denote
fN by WN . We will need the estimate

(22)
∣∣W ′′

N (x)
∣∣ =

∣∣∣∣
N∑

n=0

−4π22n sin(2π2nx)
∣∣∣∣ < 8π22N .

Fig. 3: W(x) and a small part of WN for N = 3, 4, 5, 6

Set

X1 =
{

x ∈ [0, 1] : lim inf
N→∞

f ′N (x) = −∞, lim sup
N→∞

f ′N (x) = +∞
}

=
{

x ∈ [0, 1] : lim inf
N→∞

W ′
N (x) = −∞, lim sup

N→∞
W ′

N (x) = +∞
}

.

By results of [7] concerning the function W de�ned in (2),

lim inf
N→∞

f ′N (x) = lim inf
N→∞

(fN − f−1)′(x) = −∞

and
lim sup
N→∞

f ′N (x) = lim sup
N→∞

(fN − f−1)′(x) = +∞
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for almost every x. For these x's in�nitely often f ′N (x) and f ′N+1(x) are not
of the same sign. Since

∣∣f ′N+1(x)− f ′N (x)
∣∣ = |(2−N sin(2π2Nx)

) ′| = ∣∣2π cos (2π2Nx)
∣∣ 5 2π

for every x ∈ X1 there exist in�nitely many N 's such that
∣∣f ′N (x)

∣∣ 5 2π.
Theorem 13. The set Sirr = {(

x; f(x)
)

: x ∈ X1} is an irregular 1-set,
the set Sreg = {(

x; f(x)
)

: x ∈ [0, 1] \X1} can be covered by the union of the
graphs of countably many strictly monotone functions and by a set of zero
H1-measure.

Remark 14. If one wishes, the above set of zero measure can be added
to Sirr and this way we can obtain a modi�ed S∗irr and S∗reg. Then the set
S∗reg can be covered by the union of the graphs of countably many strictly
monotone functions.

Proof of Theorem 13. The projection of Sirr onto the x-axis is of full
measure. Thus H1(Sirr) > 0. Since sin(kπ) = 0 for k ∈ Z we have

(23) fN

(
k

2N+1

)
= f

(
k

2N+1

)

for any N = 0 and k ∈ {0, . . . , 2N+1}.
Denote by M−1,0, M−1,1 and M−1,2 the bounds of |f−1|,

∣∣f ′−1

∣∣ and
∣∣f ′′−1

∣∣
on [0, 1], respectively. Suppose [ k0

2N0
, k0+1

2N0 ) ⊂ [0, 1). By Lagrange's Mean
Value Theorem

(24)
∣∣∣∣f−1

(
k0 + 1
2N0

)
− f−1

(
k0

2N0

)∣∣∣∣ 5 M−1,1 · 1
2N0

.

We also have

(25)
∣∣∣∣

∞∑

n=N0+1

2−n sin(2π2nx)
∣∣∣∣ 5 2

2N0+1
=

1
2N0

.

By (22)

(26)
∣∣f ′′N (x)

∣∣ 5
∣∣f ′′−1(x)

∣∣ +
∣∣W ′′

N (x)
∣∣ 5 M−1,2 + 8π22N .

Suppose x0 ∈ X1 and
∣∣f ′N0

(x0)
∣∣ 5 2π. If x, x0 ∈ [ k0

2N0
, k0+1

2N0 ) ⊂ [0, 1) then by
(26) and the Mean Value Theorem

∣∣f ′N0
(x)

∣∣ 5
∣∣f ′N0

(x)− f ′N0
(x0)

∣∣ +
∣∣f ′N0

(x0)
∣∣(27)
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5
(
M−1,2 + 8π22N0

)
2−N0 + 2π < M−1,2 + 100.

By (27) and again by the Mean Value Theorem

(28)
∣∣∣∣fN0(x)− fN0

(
k0

2N0

)∣∣∣∣ < (M−1,2 + 100)2−N0

for x ∈ [ k0

2N0
, k0+1

2N0 ) ⊂ [0, 1).
Using (23), (25) and (28) we obtain

(29)
∣∣∣∣f(x)− f

(
k0

2N0

)∣∣∣∣ 5 (M−1,2 + 101)2−N0

for x ∈ [ k0

2N0
, k0+1

2N0 ) ⊂ [0, 1).
Suppose N ′

0 is given. For each x1 ∈ X1 we can choose the smallest
N0(x1, N

′
0) = N ′

0 such that there exists x0(x1, N
′
0) for which both x1 and

x0(x1, N
′
0) belong to

I(x1, N
′
0)

def=
(

k0(x1, N
′
0)

2N0(x1,N ′
0)

,
k0(x1, N

′
0) + 1

2N0(x1,N ′
0)

)
⊂ [0, 1)

and |f ′N0(x1,N ′
0)

(
x0(x1,N

′
0)

) | 5 2π. Since f ′N (k0/2N0)→∞ as N →∞ points
of the form k0/2N0 do not belong to X1.

By the de�nition of X1 for x1 = x0 there are in�nitely many N0 = N ′
1 for

which
∣∣f ′N0

(x0)
∣∣ 5 2π but it may happen that for other x0's there are smaller

N0's, this motivates our de�nition of N0(x1, N
′
0).

For �xed N ′
0 and arbitrary x1, x2 ∈ X1 the dyadic grid intervals I(x1,N

′
0)

and I(x2,N
′
0) either coincide, or are disjoint by the minimality of N0(x1,N

′
0)

and N0(x2, N
′
0). The countably many disjoint di�erent intervals of the form

I(x1, N
′
0) cover X1, denote this covering by I(N ′

0). Set

J(x1, N
′
0) =

[
fN0(x1,N ′

0)

(
k(x1, N

′
0)

2N0(x1,N ′
0)

)
− (M−1,2 + 101)2−N0 ,(30)

fN0(x1,N ′
0)

(
k(x1, N

′
0)

2N0(x1,N ′
0)

)
+ (M−1,2 + 101)2−N0

]
.

Then by (29)

(31)
{

f(x) : x ∈ I(x1, N
′
0)

} ⊂ J(x1, N
′
0)
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and rectangles of the form R(x1, N
′
0) = I(x1, N

′
0)× J(x1, N

′
0) cover the set

Sirr
def= {(

x; f(x)
)

: x ∈ X1}.

The system of di�erent rectangles of the form R(x1, N
′
0) will be denoted by

R(N ′
0). By (29) the diameter of R(x1, N

′
0) is less than λ

(
I(x1, N

′
0)

)
2(M−1,2

+ 102) and
∑

I∈I(N ′
0) λ(I) = 1 implies that the sum of the diameters of

R ∈ R(N ′
0) is less than 2(M−1,2 + 102). The diameter of any R in R(N ′

0)
is less than 2−N ′

02(M−1,2 + 102). Hence using the coverings of Sirr by the
rectangles in R(N ′

0) we see that H1(Sirr) < +∞. Since the projection of Sirr

onto the x-axis di�ers from [0,1] by a set of Lebesgue measure zero we veri�ed
that Sirr is a 1-set.

Set

X∗
1 =

∞⋃

N0=1

⋂

N ′
0=N0

⋃

I∈I(N ′
0)

I.

Then X1 ⊂ X∗
1 .

Next we interrupt the proof of Theorem 13 by two claims.
Claim 15. If H ⊂ X∗

1 is Lebesgue measurable then

(32) H1({(
x; f(x)

)
: x ∈ H}) 5 λ(H)2(M−1,2 + 102).

Especially,

(33) if λ(H) = 0 then H1({(
x; f(x)

)
: x ∈ H}) = 0.

Proof of the claim. Suppose that the open set G ⊂ R contains H
and λ(G) 5 λ(H) + ε. Choose N0 such that for N ′

0 = N0 any I ⊂ I(N ′
0) is

of diameter less than ε, that is, 2−N ′
0 5 2−N0 < ε. Cover H by intervals I ∈

∪N ′
0=N0

I(N ′
0) such that I ⊂ G. Since the system of intervals ∪N ′

0=N0
I(N ′

0)
consists of dyadic grid intervals we can select a countable disjoint subsys-
tem I1, I2, . . . which covers H and Ij ⊂ G for all j. For each Ij the set
{(

x; f(x)
)

: x ∈ Ij} is a subset of a rectangle of diameter less than or equal
to λ(Ij)2(M−1,2 + 102). This implies (32). ¤

Claim 16. Suppose x0 ∈ [ k0

2N0
, k0+1

2N0 ], ∆0 = f ′N0
(x0). Then

i) for any x1 ∈ [ k0

2N0
, k0

2N0
+ 1

2·2N0 ] and x2 ∈ [k0+1
2N0

− 1
4·2N0

, k0+1
2N0 ] we have

(34)
∣∣∣∣
f(x2)− f(x1)

x2 − x1

∣∣∣∣ =
( |∆0| − (M−1,2 + 100)

) − 8;

ii) for any x1 ∈ [k0+1
2N0

− 1
2·2N0

, k0+1
2N0 ] and x2 ∈ [ k0

2N0
, k0

2N0
+ 1

4·2N0 ) we also
have (34).
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Proof of the claim. The two cases are similar. We prove only case i).
By (26) and the Mean Value Theorem applied to f ′N0

we have
∣∣f ′N0

(x)− f ′N0
(x0)

∣∣ =
∣∣f ′N0

(x)−∆0

∣∣

5 (M−1,2 + 8π22N0)2−N0 5 (M−1,2 + 100)

for any x ∈ [ k0

2N0
, k0+1

2N0 ]. Therefore,

(35)
∣∣f ′N0

(x)
∣∣ > |∆0| − (M−1,2 + 100)

holds for any x ∈ [ k0

2N0
, k0+1

2N0 ]. This implies that if assumption i) holds then
by the Mean Value Theorem





∣∣∣∣
fN0(x2)− fN0(x1)

x2 − x1

∣∣∣∣ = |∆0| − (M−1,2 + 100)

and 1
2N0

= |x2 − x1| = 1
4 · 2N0

.

(36)

By (25) we have
∣∣f(xi)− fN0(xi)

∣∣ 5 1
2N0

for i = 1, 2. Therefore,
∣∣∣∣
fN0(x2)− fN0(x1)

x2 − x1
− f(x2)− f(x1)

x2 − x1

∣∣∣∣ 5 2 · 2−N0

(1/4)2−N0
= 8.

This and (36) imply (34). ¤
Now we continue the proof of Theorem 13. Suppose that γ is the graph

of a continuously di�erentiable curve.
Let Xγ denote the projection of γ ∩ Sirr onto the x-axis. Then Xγ ⊂ X1.

Since {(
x; f(x)

)
: x ∈ Xγ} = γ ∩ Sirr by Claim 15 from λ(Xγ) = 0 it fol-

lows that H1(γ ∩ Sirr) = 0. So we need to show that λ(Xγ) = 0. Proceeding
towards a contradiction suppose that λ(Xγ) > 0. Since γ is continuously
di�erentiable the (possibly in�nite) derivative of f |Xγ

would exist at all ac-
cumulation points of Xγ .

By the Denjoy�Young�Saks theorem (Ch. IX., �3 of [15]) if Xγ,∞ denotes
the set of those x's where f |Xγ

has in�nite derivative then λ(Xγ,∞) = 0 and
hence λ(Xγ \Xγ,∞) > 0. Suppose x0 ∈ Xγ \Xγ,∞ is a Lebesgue density point
of Xγ \Xγ,∞. Since γ is di�erentiable at

(
x0; f(x0)

)
and x0 6∈ Xγ,∞ we have

(37) lim
x→x0, x∈Xγ

f(x)− f(x0)
x− x0

= Dγ(x0) ∈ R.
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Using that x0 is a density point of Xγ \Xγ,∞, x0 ∈ X1 and (37) we can choose
N0 such that

λ

([
k0

2N0
,
k0 + 1
2N0

)
∩ (Xγ \Xγ,∞)

)
>

3
4
· 1
2N0

,(38)
∣∣f ′N0

(x0)
∣∣ = |∆0| >

∣∣Dγ(x0)
∣∣ + 9 + M−1,2 + 100(39)

and

∣∣∣∣
f(x)− f(x0)

x− x0

∣∣∣∣ <
∣∣Dγ(x0)

∣∣ + 1 for x ∈
[

k0

2N0
,
k0 + 1
2N0

]
∩ (Xγ \Xγ,∞).

(40)

Without limiting generality we can suppose that x0 ∈ [ k0

2N0
, k0

2N0
+ 1

2·2N0 ]
(otherwise at the next step one needs to use ii) of Claim 16). By i) of Claim
16 for any x2 ∈ [k0+1

2N0
− 1

4·2N0
, k0+1

2N0 ] we have

(41)
∣∣∣∣
f(x2)− f(x0)

x2 − x0

∣∣∣∣ = |∆0| −M−1,2 − 100− 8 >
∣∣Dγ(x0)

∣∣ + 1.

By (38) there exists x2 ∈ [k0+1
2N0

− 1
4·2N0

, k0+1
2N0 ) ∩ (Xγ \Xγ,∞) and hence (40)

and (41) contradict. This implies that Sirr is an irregular 1-set.
Next we show that S∗reg = {(

x; f(x)
)

: x ∈ [0, 1] \X∗
1} can be covered by

countably many graphs of strictly monotone functions. Set

X3,M
def= [0, 1]\ ⋃

I(x1,M)∈I(M)

I(x1,M) = [0, 1]\ ⋃

I∈I(M)

I,

that is, the set of those points which are not covered by an interval of the
form I(x1,M).

Claim 17. Either fM is constant on [0, 1] or the set {(
x; f(x)

)
:

x ∈ X3,M} can be covered by the graphs of �nitely many strictly monotone
increasing functions.

Proof of the claim. We can suppose that fM is not constant on [0, 1].
By the choice of FW the function fM (x) is piecewise strictly monotone, that
is, [0, 1] can be decomposed into �nitely many closed intervals on which fM

is strictly monotone. Suppose that I1 is such an interval. Without limiting
generality we suppose that fM is strictly monotone increasing on I1. Each
x1 ∈ I1 ∩X1 is covered by an interval

I(x1,M) =
(

k0(x1,M)
2N0(x1,M)

,
k0(x1,M) + 1

2N0(x1,M)

)
.
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If I(x1,M) ⊂ I1 and N0(x1,M) = M then by the strict monotonicity of fM

we have

0 < fM

(
k0(x1,M) + 1

2N0(x1,M)

)
− fM

(
k0(x1,M)
2N0(x1,M)

)
(42)

= f

(
k0(x1,M) + 1

2N0(x1,M)

)
− f

(
k0(x1,M)
2N0(x1,M)

)
.

Suppose I(x1,M) ⊂ I1 and N0(x1,M) > M . Then for any x2 ∈ I(x1,M)
and M 5 N < N0(x1,M) we have

∣∣f ′N (x2)
∣∣ > 2π and f ′M (x2) > 2π. Since∣∣f ′N+1(x2)− f ′N (x2)

∣∣ =
∣∣2π cos (2π2N+1x)

∣∣ 5 2π this also implies that
f ′N (x2) > 2π holds for any x2 ∈ I(x1,M) and M 5 N < N0(x1,M) and we
also have f ′N0(x1,M)(x2) > 0 as well.

Thus

0 < fN0(x1,M)

(
k0(x1,M) + 1

2N0(x1,M)

)
− fN0(x1,M)

(
k0(x1,M)
2N0(x1,M)

)
(43)

= f

(
k0(x1,M) + 1

2N0(x1,M)

)
− f

(
k0(x1,M)
2N0(x1,M)

)
.

Denote by f̂N the function which equals fN (x) for

x 6∈ EN
def= ∪x1∈X1, N0(x1,M)5N I(x1, M),

and on the intervals I(x1,M) with N0(x1,M) 5 N the function f̂N is linear
and equals fN at the endpoints of I(x1,M). Then f̂N is strictly monotone in-
creasing on I1 ∩X3,M for any N = M , in fact f̂N is strictly monotone on the
interval

[
inf {x ∈ I1 ∩X3,M}, sup {x ∈ I1 ∩X3,M}

] ⊂ I1, since it is continu-
ous and has positive derivative at all but �nitely many points in this interval.
Since f̂N (x) = fN (x) → f(x) as N →∞ for any x ∈ [0, 1] \ ∪∞N=1EN = X3,M

we obtain that f is monotone increasing on I1 ∩X3,M .
Since I1 \X1 is of zero Lebesgue measure by (42) and (43) one can see that

f is strictly monotone increasing on I1 ∩X3,M . Hence S∗reg,M = {(
x; f(x)

)
:

x ∈ X3,M} can be covered by the graphs of �nitely many strictly monotone
functions. This proves Claim 17. ¤

Observe that for any N0

[0, 1] \X∗
1 ⊂

⋃

M=N0

X3,M
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and there can be at most one M such that fM is constant on [0, 1]. Hence,
choosing a su�ciently large N0 for any M = N0 we can apply Claim 17
and S∗reg ⊂ ∪M=N0

S∗reg,M can be covered by the graphs of countably many
strictly monotone increasing functions. Since λ(X∗

1 \X1) = 0 by Claim 15,
H1({(

x; f(x)
)

: x ∈ X∗
1 \X1}) = 0 and hence Sreg = {(

x; f(x)
)

: x ∈ [0, 1]
\X1} can be covered by the graphs of countably many strictly monotone
functions and by an H1-null set. ¤

Theorem 18. If f−1 ∈ FW then the occupation measure of any f de�ned
by (1) is nonatomic.

Proof. If we had y0 such that µ
({y0}

)
= λ(

{
x : f(x) = y0

}
) > 0 then

Sirr would intersect the line y = y0 in a set of positive H1-measure, contra-
dicting the irregularity of Sirr. ¤

Theorem 19. If f−1 ∈ FW and the occupation measure of f de�ned in
(1) is singular then almost every level set of f(x) is �nite.

Proof. The occupation measure of f will be denoted by µ. Since µ is
singular there exists Yµ ⊂ R such that λ(Yµ) = 0 and µ(Yµ) = 1, that is,
there exists Xµ ⊂ [0, 1] with λ(Xµ) = 1 such that Xµ = f−1(Yµ). Then,
by using notation from the proof of Theorem 13, f(Xµ ∩X∗

1 ) ⊂ Yµ. By
λ(X∗

1 \Xµ) = 0 and by Claim 15 we obtain H1({(
x; f(x)

)
: x ∈ X∗

1 \Xµ})
= 0 and hence λ

(
f(X∗

1 \Xµ)
)

= 0 as well. Therefore, λ
(
f(X∗

1 )
)

= 0. Sup-
pose ε > 0 and

(44) choose an open G ⊃ f(X∗
1 ) such that λ(G) < ε.

For each x1 ∈ X1 ⊂ X∗
1 there exists N ′′

0 (x1) such that for N ′
0 = N ′′

0 (x1) by
(30) the interval J(x1, N

′
0) ⊂ G and (31) holds as well.

Choose M such that

(45) λ(
{

x1 ∈ X1 : N ′′
0 (x1) 5 M

}
) > 1− ε

2(M−1,2 + 102)
.

There can be at most one M for which fM is constant on [0, 1]. We can sup-
pose that M is chosen so that fM is not constant on [0, 1]. Then consider
the covering I(M) of X1 ⊂ X∗

1 . This covering can be split into two subcov-
erings. We denote by I1(M) the set of those I ∈ I(M) for which there exists
x1 ∈ X1 such that I = I(x1, M) and N ′′

0 (x1) 5 M . Those intervals in I(M)
which do not belong to I1(M) will form the system I2(M). By (45)

λ(∪I∈I1(M)I) > 1− ε

2(M−1,2 + 102)
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and hence by the disjointness of the intervals in I(M) we have

(46) λ
( ∪I∈I2(M) I

)
<

ε

2(M−1,2 + 102)
.

By (30) for any I ∈ I2(M) ⊂ I(M) we have

(47) λ
(
f(I)

)
5 2(M−1,2 + 101)λ(I).

Hence by (46) and (47)

(48) λ(f( ∪I∈I2(M) I)) < ε.

By the choice of M

(49) for I ∈ I1(M) we have f(I) ⊂ G.

Set Y (M) = f(∪I∈I(M)I). Using (44), (48) and (49) we infer

(50) λ
(
Y (M)

)
< 2ε.

Suppose y 6∈ Y (M). Then

f−1
({y}) ⊂ [0, 1] \ ∪I∈I(M)I = X3,M .

By Claim 17 the graph of f restricted to X3,M can be covered by the graphs
of �nitely many strictly monotone increasing functions. This implies that
f−1

({y}) is �nite. Since ε > 0 can be arbitrary by (50) we obtain that for
almost every y the level set

{
x : f(x) = y

}
is �nite. ¤

5.1. Consequences for the Weierstrass�Cellerier function. Taking
f0(x) ≡ 0 we have f(x) = W(x). By the projection theorems for irregular
1-sets (Theorem 6.13 of [10]) for almost every direction the projection of Sirr

is of zero Lebesgue measure. Denote by X1,W the set X1 corresponding to
W. By the above projection property for almost every c ∈ R the projection
of the set Xirr,c = {(

x;W(x) + cx
)

: x ∈ X1,W} onto the y-axis is of zero
Lebesgue measure. This implies that the occupation measure of W(x) + cx
is singular for almost every c ∈ R. Furthermore, by Theorem 19 for these c
almost every level set of W(x) + cx is �nite. In the forthcoming paper [8]
I will show that here there are no exceptional sets and especially for W(x)
almost every level set is �nite.

The author thanks the referee for a careful reading of the manuscript and
for valuable suggestions.
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